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(George E. Andrews reminds me that this is the special case k = 1 of a theorem of J. J. Sylvester [1, §46] , to the effect that the number of partitions of n into distinct parts with k sequences of consecutive parts is equal to the number of partitions of n into odd parts (repetitions allowed) precisely k of which are distinct.) For instance, 15 = 7 + 8 = 4 + 5 + 6 = 1 + 2 + 3 + 4 + 5, so 15 has four partitions into consecutive parts, and 15 has four odd divisors, 1, 3, 5, and 15.
We shall prove the following result.
Theorem The number of partitions of n into an odd number of consecutive parts is equal to the number of odd divisors of n less than √ 2n, while the number of partitions into an even number of consecutive parts is equal to the number of odd divisors greater than √ 2n.
Proof: Suppose n is the sum of an odd number of consecutive parts. Then the middle part is an integer and is the average of the parts. Suppose the middle part is a, and the number of parts is 2k + 1. The partition of n is
and n = (2k + 1)a. So d = 2k + 1 is an odd divisor of n and its codivisor is 
is a partition of n into 2k + 1 consecutive parts.
Suppose n is the sum of an even number, 2k, of consecutive parts. Then the average part is a + 1/2 for some integer a, the partition of n is
and n = 2k(a + 1/2) = k(2a + 1). Then d = 2a + 1 is an odd divisor of n and its codivisor is is a partition of n into an even number of consecutive parts.
